In this paper we address the two-body problem in massless Scalar-Tensor (ST) theories within an Effective-One-Body (EOB) framework. We focus on the first building block of the EOB approach, that is, mapping the conservative part of the two-body dynamics onto the geodesic motion of a test particle in an effective external metric. To this end, we first deduce the second post-Keplerian (2PK) Hamiltonian of the two-body problem from the known 2PK Lagrangian. We then build, by means of a canonical transformation a ST-deformation of the general relativistic EOB Hamiltonian which allows to incorporate the Scalar-Tensor (2PK) corrections to the currently best available General Relativity EOB results. This EOB-ST Hamiltonian defines a resummation of the dynamics that may provide information on the strong-field regime, in particular, the ISCO location and associated orbital frequency and can be compared to, other, e.g. tidal, corrections.
II. SCALAR-TENSOR THEORY REMINDER
In this paper we adopt the conventions of Damour and Esposito-Farèse (see e.g. [22] or [32] ) and limit ourselves to the single, massless scalar field case. In the Einstein-frame, the action reads
where R is the Ricci scalar, g ≡ det g µν , and Ψ generically stands for matter fields. In the following we shall work in units where G * ≡ 1 and c ≡ 1 if not specified. The free dynamics of the Einstein metric g µν , which describes the tensorial degrees of freedom of gravity, is governed by the usual Einstein-Hilbert action. The dynamics of the scalar field ϕ, that is, the gravitational scalar degree of freedom of gravity, arises from its coupling to the matter fields Ψ. Indeed, matter minimally couples, not to the Einstein, but to the Jordan metric
This Jordan metricg µν is often referred to as the "physical" one, since one retrieves Special Relativity in its locally inertial frames (i.e. frames whereg µν = η µν , ∂ λgµν = 0). Hence, by construction, Scalar-Tensor theories explicitly encompass the Einstein Equivalence Principle [33] . A given Scalar-Tensor theory is completely determined once the function A(ϕ) has been specified. In particular, General Relativity is recovered for A(ϕ) = cst.
From (II.1) one derives the Einstein-frame field equations :
where R µν is the Ricci tensor, T µν ≡ − measures the coupling between the scalar field and matter.
When dealing with compact, self-gravitating bodies (e.g. neutron stars or black holes), we adopt the phenomenological treatment suggested by Eardley [34] and justified by Damour [35] and Damour and Esposito-Farèse [22] , and "skeletonize" these extended bodies as point particles :
where λ is an affine parameter along the worldline of the particle. The Jordan-frame massm A (ϕ) is not a constant but rather depends on the local value of the scalar field, on the specific theory and on body A itself (through its equation of state in particular). 4 Sinceg µν = A 2 (ϕ)g µν , one also has
where we have defined the Einstein-frame mass of the skeletonized compact bodies as :
that takes into account both the universal factor A(ϕ) and body-dependent self-gravity effects,m A (ϕ). Hence the two-body problem in ST theories is fully described by two functions, m A (ϕ) and m B (ϕ). The trajectory of freely falling bodies will generally no longer be universal anymore, thus violating the so-called Strong Equivalence Principle, unless their self-gravity is negligible, that is whenm A andm B are constant (in which case they are geodesics of the Jordan metric). In contrast, static, spherically symmetric black holes are known to carry no massless scalar "hair" and hence reduce to Schwarzschild black holes (see e.g. [38] and [22] ). In that case m A (ϕ) = cst, and black holes follow the geodesics of the Einstein metric. Consequently, binary black holes are usually expected to generate no deviation from General Relativity. However this is not guaranteed in the strong field, dynamical, regime of a binary coalescence, see conclusion.
Finally, the following six, dimensionless, body-dependent functions built out of the two mass functions m A (ϕ) and m B (ϕ), will be useful at the 2PK order we are going to work at :
In the negligible self-gravity limit,m A = cst, these functions become universal :
while in the General Relativity limit (m A (ϕ) = cst), α A = β A = β A = 0.
III. THE TWO-BODY 2PK CONSERVATIVE HAMILTONIAN
The Scalar-Tensor two-body conservative Lagrangian has already been derived at second post-Keplerian order and will be our starting point. In particular, its structure (derived from a Fokker action) was given by Damour and Esposito-Farèse in [32] using a diagrammatic approach, while Mirshekari and Will provided its explicit expression in [23] . Because of the harmonic coordinates in which it has been derived, this Lagrangian depends (linearly) on the accelerations of the bodies.
In this section we rewrite the Mirshekari-Will Lagrangian in the Einstein-frame conventions introduced above and in a class of coordinate systems where the Lagrangian is ordinary (i.e. only depends on positions and velocities). We then derive the associated Hamiltonian. Finally, we transform it by means of a generic canonical transformation, to prepare the mapping towards the effective problem that will be performed in section IV.
A. Jordan-frame vs Einstein-frame
From now on, any quantity that is related to the Jordan-frame will be denoted with a tilde superscript. The Jordan-frame two-body Lagrangian has been derived at 2PK order in harmonic coordinates in [23] , using a set of Brans-Dicke-like parameters. In order to rewrite it in terms of the Einstein-frame parametrization discussed above, one has to : (i) translate the parameters of [23] in terms of (II.8). The conversion is given in details in appendix A ; (ii) note that the Jordan-frame Lagrangian of [23] is written in a coordinate system {x µ } such that the Jordan metricg µν → η µν is Minkowski at infinity, while in the Einstein-frame one uses instead coordinates {x µ } such that g µν → η µν . Sinceg µν = A 2 (ϕ)g µν , that means the following global rescaling of coordinates has to be performed between both frames :x
where, and from now on, a "0" index indicates a quantity evaluated at ϕ = ϕ 0 , where ϕ 0 is taken to be the asymptotic constant value of the scalar field far from the system, imposed by cosmology. Therefore, in order to get the Einsteinframe Lagrangian, one has to rescale the radial variable R of [23] to A 0 R. For the same reasons, t → A 0 t i.e. the Lagrangian has to be rescaled by an overall A 0 factor. All that taken into account, the Mirshekari-Will two-body 2PK Lagrangian translates, in the Einstein-frame and in harmonic coordinates, as :
where
Z A being the position of particle A (in our system of units the radial coordinate R has the dimension of a mass). As for the coefficients appearing in the two-body 2PK Lagrangian above, they are combinations of the following eleven constants, built out of the 8 functions defined in (II.8) when evaluated at infinity (all deduced, we recall, from the mass function m A (ϕ) and its B-counterpart which define the theory and bodies under study) :
(III.6c) (Our notations are a similar, yet simplified, version of the parameters introduced in [32] in the context of the N -body, multi-scalar problem and admit a diagrammatic interpretation, see [32] .) 5 We note that the effective (dimensionless, since we set G * = 1) gravitational constant G AB = 1 + α Although we shall stick to the Einstein-frame for the rest of this paper, the reader willing to rewrite any forthcoming result in terms of Jordan-frame variables should perform the replacements (we recall that tildes refer to the Jordan frame) :
In the post-Newtonian scheme, these parameters are expanded as series of the compactness s ∼ G * m/c 2 r of weakly self-gravitating bodies [32] . In this paper the orbital velocity
is the only perturbative parameter. Hence our "post-Keplerian" (PK) scheme is valid even for strongly self-gravitating bodies.
As a final remark, the Lagrangian (III.2) generalizes the 2PN General Relativity one, obtained by Damour and Deruelle in harmonic coordinates in [28] , and reduces to it in the limit m A (ϕ) = cst, i.e.
B. The class of reduced Lagrangians
The Lagrangian (III.2) is expressed in harmonic coordinates (i.e. such that ∂ µ ( √ −gg µν ) = 0) and depends linearly on the accelerations A A at the 2PK level. Let us add to it a (2PK) total time derivative,
where f is a generic function,
that depends on fourteen parameters (the G AB factor appears in the definition of the f i for dimensional convenience). This total derivative generates a boundary term and hence does not affect the equations of motion.
Now in order to deal with an ordinary Lagrangian (depending only on positions and velocities), a way to proceed is to reduce L f by "boldly" replacing the accelerations by their leading order, that is Keplerian, on-shell expressions (as was done in [39] in General Relativity) :
This indeed amounts to make an implicit 4-dimensional coordinate change, through a contact transformation, (see [30] [31]). Hence the equations of motion derived from our reduced Lagrangian L red f will be equivalent to those derived from [23] but written in a different coordinate system, that depends on f . The full expression of the contact transformation is given in appendix B.
Hence we have on hand a whole class of coordinate systems (depending on the 14 parameters f i ) for which the class of Lagrangians L red f is ordinary. The harmonic coordinates do not belong to that class.
C. The centre-of-mass two-body 2PK Hamiltonians
We now derive the ordinary Hamiltonians, corresponding to the class of coordinate systems discussed above, by a further Legendre transformation,
(III.14)
In the centre-of-mass frame, P A + P B ≡ 0, and the conjugate variables are then easily checked to be Z ≡ Z A − Z B and P ≡ P A = − P B . At 2PK order, when no spin effects come into play, the relative motion is planar. Hence, it is convenient to use polar coordinates (R, Φ), with conjugate momenta
The general structure for an isotropic, translation-invariant, centre-of-mass frame, 2PK Hamiltonian H(Q, P ) is expected to be :Ĥ
where we have introduced the dimensionless quantitieŝ
together with the reduced mass, total mass and symmetric mass ratio :
The Scalar-Tensor Hamiltonians derived from the reduced Lagrangians (III.2), (III.11-III.13) fall into the class (III.15-III.16), and their seventeen coefficients h N PK i are computed to be (written here when f = 0 for simplicity) :
at Keplerian order,
at 1PK order and
at 2PK order.
The f = 0 Scalar-Tensor two-body Hamiltonian given above is written in terms of the 17 coefficients h N PK i which are in turn expressed in terms of the 11 constants (III.6) (which are themselves functions of the 8 parameters m . 6 In the other coordinate systems discussed in section III B, the 14 coefficients of the function f at 2PK order modify the ten 2PK coefficients, which can be found in appendix C. Each {f i } setting implicitly corresponds to a distinct coordinate system.
D. The canonically transformed class of real Hamiltonians
As discussed in the introduction, the EOB mapping requires imposing a functional relation between the "real" twobody Hamiltonian H(Q, P ) (that is, the ST two-body 2PK class of Hamiltonians obtained in the previous subsection), and an effective Hamiltonian H e , H e = f EOB (H), by means of a canonical transformation.
We thus perform a further general canonical transformation on the real two-body Hamiltonians H(Q, P ),
where, for the moment, (q, p) ≡ (r, φ, p r , p φ ) is a distinct set of canonical variables with no particular interpretation. The canonical transformation is generated by a time-independent function 7 F (q, Q) such that the Lagrangian is shifted by a total derivative L red f (Q,Q) = L (q,q) + dF/dt and the Hamiltonian is a scalar H(Q, P ) = H (q, p), so that, see, e.g, (III.14) :
For practical reasons, we shall rather consider the generating function G(Q, p) such that :
We now consider a generic ansatz for G, that generates 1PK and higher order coordinate changes 8 , which depends on nine parameters :
where we have introduced the dimensionless quantities
We chose this generating function not to depend on Φ so that P Φ = p φ . Also, for circular orbits for which p r = 0 ⇔ P R = 0, we note that φ = Φ and hence only the radial coordinates differ r = R. 6 The fact that h vanish is due to the structure of the kinetic term, as will be seen in more detail below.
Rather than inverting iteratively both first relations of (III.24), the real and effective Hamiltonians will be expressed in the following in the intermediate coordinate system (Q, p) for computational convenience. The two-body Hamiltonian (III.15-III.16), together with its coefficients (III.19-III.21), is transformed to the intermediate coordinate system H (Q, p) = H(Q, P ) using the last two relations in (III.24) and is computed to bê
where h K = G AB , and where the explicit expressions forĤ 1PK andĤ 2PK for a generic function f are given in appendix D. It depends on the 8 fundamental parameters characterizing the theory and the two-bodies at 2PK order, that is, m
0 and their B-counterparts, on the 14 parameters f i characterizing the coordinate system used, and the 9 parameters of the canonical transformation.
E. The functional relation between the real and EOB Hamiltonians
We have obtained a class of ordinary 2PK Hamiltonians that implicitly correspond to different coordinate systems, H(Q, P ). By means of a canonical transformation we have transformed them into an even larger class H(Q, p). Our aim in the next section will be to find the canonical transformations which relate them to the Hamiltonian H e of an effective-one-body problem by means of a functional relation, H e = f EOB (H).
At 2PK order, this functional relation can a priori be expanded as, substracting the rest-mass constants :
with the Hamiltonians identifying at Keplerian order. Now, as justified in detail in e.g. [8] , [12] and [14] up to at least 4PN in General Relativity, and as proven to be true at all orders in GR as well as in ST theories in [40] within a post-Minkowskian scheme, the relation must be quadratic at all orders,
As we shall see, H e will be uniquely determined. Inverting (III.29) hence defines the unique, "resummed" EOB Hamiltonian :
The dynamics deduced from H EOB and the "real" Hamiltonians H are, by construction, equivalent up to 2PK order.
The topic of the next section IV is to propose a Scalar-Tensor effective one body Hamiltonian H EOB which reduces, in the limit where the scalar interaction is switched off, to the EOB Hamiltonian of General Relativity obtained in [8] .
IV. ST-DEFORMATION OF THE GENERAL RELATIVISTIC EOB HAMILTONIAN
In this section, which is the core of the paper, we first recall the structure of the Hamiltonian H e for geodesic motion in an (effective) static, spherically symmetric metric (in Schwarzshild-Droste coordinates). We then proceed to the EOB mapping and show that the resulting effective metric is unique and can be considered as a Scalar-Tensor-deformed version of the 2PN results of [8] .
A. The 2PN geodesic dynamics in an effective external one body metric Let us consider a static, spherically symmetric metric, written in Schwarzshild-Droste coordinates (for θ = π/2) :
The geodesic dynamics of a test particle coupled to this external metric, with mass µ (which is identified to the real two-body reduced mass defined in (III.18)), is described by the Lagrangian
whereṙ ≡ dr/dt,φ ≡ dφ/dt. The (dimensionless) effective Hamiltonian is :
)
M being an effective mass, identified with the real two-body total mass. Now, the A and B metric functions are generically expanded (at the required 2PK order) as :
where a 1 , a 2 , a 3 , b 1 and b 2 are the 5 (dimensionless) effective parameters to be determined. The 2PN effective Hamiltonian then becomesĤ
In the previous section we performed a generic canonical transformation (Q, P ) → (q, p) and wrote the real Hamiltonians H(Q, P ) in terms of the intermediate coordinates (Q, p) . In order to be in a position to relate them to the effective Hamiltonian H e (q, p) considered here, we have to express the latter in the same variables (Q, p) by means of the generic canonical transformation (III.24-III.25). We thus turn it into the class of Hamiltonians (recalling the notation P 2 ≡p
where the explicit expressions forĤ
are given in appendix E. These Hamiltonians depend on the 5 parameters a i and b i entering the effective metric coefficients at 2PN order, see (IV.5), and on the 9 parameters entering the canonical transformation (III.24-III.25).
B. The Scalar-Tensor effective one-body metric at 2PK order As we saw in section III E the effective Hamiltonian H e and the two-body 2PK Hamiltonians H obtained in section III must be related through the quadratic relation (III.29), that is :
Consider now the generic (theory-agnostic) two-body Hamiltonian written in terms of the 17 coefficients h N PK i , see (III.15), (III.16). It turns out that an effective H e can be constructed at 1PK level provided that :
Any theory (such as Scalar-Tensor) whose purely kinetical terms take the form m
= 0 (as anticipated in footnote 6). Thus this condition is not restrictive. At 2PK level, the identification requires two further conditions ; the first one
is no more restrictive than (IV.8), for the same reasons. The second condition however
is restrictive and the mapping of the two-body problem towards an effective geodesic is only possible for a subclass of theories.
In the Scalar-Tensor case, one checks that the coefficients (III.19-III.21) (see also appendix C) do satisfy the condition (IV.10) whatever the values of the 14 f i parameters, that is, independently of the coordinate system in which the two-body Hamiltonian has been written, as it should.
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Inserting now in the functional relation (III.29) recalled above the explicit expressions for the ST coefficients h N PK i of the real two-body Hamiltonians H obtained in the previous section, the identification term by term is then seen to yield a unique solution for H e and hence for the effective one-body metric, which can be written as : where we introduced the "mean" quantities
That is the main result of this paper, which shows that one can interpret 2PK Scalar-Tensor theories as a deformation of the 2PN General Relativity results [8] (which is retrieved in the limit (III.10)).
A few comments are in order :
(i) one sees that the bare (dimensionless) gravitational constant is replaced by the effective one G * → G AB at every order ;
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(ii) one recognizes, at 1PK level, a parametrized post-Newtonian Eddington metric written in Droste coordinates, with :
being the Eddington parameters, such that β Edd = γ Edd = 1 in General Relativity. Interestingly, these effective Eddington parameters encompass the self-gravity of both real bodies through the simple mean quantities (IV.15), extending the results of [40] . 11 The reader should note that the two-body parameters (III.6) were initially defined in [22] consistently with the parametrized-post-Newtonian (PPN) approach, where the N-body problem is to be interpreted as point particles following geodesics of a PPN metric. Hence it is not surprising that properties (i) and (ii) emerge in the context of a metric effective problem.
and reduce to the General Relativity (ADM) values of [8] in the limit (III.10), and (C.1).
In this section, the Scalar-Tensor two-body problem has thus been mapped towards the geodesic of an effective external metric (IV.1), written in Droste coordinates, which is well-suited when Scalar-Tensor effects are to be considered as perturbative with respect to General Relativity. We turn in the next subsection to the study of some aspects of the dynamics this EOB problem defines.
C. The 2PK effective problem as a ST-deformation of General Relativity at 2PN order Solar system and binary pulsar observations have put stringent constraints on Scalar-Tensor theories. In particular, the decay rate of the orbital period of binary pulsars (excluding dipolar radiation) has led to the constraint (see [42] , [43] ) :
for any body A, regardless of its self-gravity or equation of state. 12 Now, the two-body Lagrangian parameters (III.6) are all driven by a factor (α
i , where i ≥ 2 (as can be understood from the diagrammatic approach of [32] ) and can be conjectured to be all of the same order. This overall factor is also seen to appear at the level of the Scalar-Tensor corrections to A(r) and B(r) at any PK order, see (IV.11-IV.14).
Hence, the dynamics defined by the effective metric (IV.1), that is
with A and B given in (IV.11-IV.14), is particularly well-suited to regard Scalar-Tensor effects as perturbations to General Relativity. Remarkably, and as we shall recall below, when studying the conservative dynamics of circular orbits in Droste coordinates, only the g e 00 component of the metric intervenes and can be written as
where A
GR 2PN
G AB M r
; ν is the 2PN GR limit obtained by Buonanno-Damour (with M → G AB M ) and where, as can be seen from (IV.11-13) :
Introducing finally the notations
Therefore, the Scalar-Tensor 2PK corrections to the g 2 ).
When Scalar-Tensor effects are to be considered as perturbative, our result (IV.22) can be refined by replacing A GR 2PN (u; ν) by the currently best available General Relativity EOB results, to which we turn now.
D. ST-parametrised EOB dynamics
We now propose to evaluate the effect of these ST post-Keplerian corrections to the general relativistic predictions for the ISCO frequency. To do so, we do not restrict ourselves to the 2PN GR expression for A GR 2PN (u; ν) but use instead the best available EOB-NR function A GR (u; ν) (in the nonspinning case) : 23) i.e. the (1, 5) Padé approximant of the truncated 5PN expansion
where a c 6 (ν) has been obtained by calibration with Numerical Relativity results, the other coefficients being known analytically, see [44] , [45] , and [46] for their explicit expressions. Comparing (IV.22) to (IV.24), Scalar-Tensor effects are clearly seen to induce a quadratic O(u 2 ) term that does not exist in General Relativity, and a (ν-dependent) correction to the cubic O(u 3 ) coefficient. One could in principle phenomenologically anticipate ST corrections coming from higher PK orders. However, first, it is known from General Relativity that from 3PN order on, the effective dynamics can not be that of a pure geodesic anymore (as mentioned in footnote 9). Second, the two-body 3PK Lagrangian is not known in Scalar-Tensor theories. We hence leave these questions to future work and, for the time being, content ourselves with the study of the ST 2PK corrections only.
The study of the dynamics is now straightforward. By staticity and spherical symmetry of the metric (IV.18),
are the conserved energy and angular momentum of the orbit, per unit mass µ. One also normalizes the 4-velocity u α u α = − , where = 1 for µ = 0, = 0 for null geodesics (µ = 0). The radial motion in the metric (IV.18) is hence determined by :
In the following we focus on circular orbits, assuming that gravitational radiation has suppressed any eccentricity during the early inspiral.
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When = 1, the radial velocity vanishes when F (u) = 0, while the circularity of the orbit also requires F (u) = 0 ; hence j 2 and E are related to u by :
The innermost stable circular orbit ("ISCO") requires the third (inflection point) condition F (u) = 0, i.e. u ISCO is the root of the equation :
(As anticipated in the previous subsection the circular orbits are determined by the function A(u) only.)
Let us now turn to the real two-body dynamics. The quadratic relation between the real and effective Hamiltonians H and H e (III.28) can be inverted to yield the EOB Hamiltonian, see (III.30) :
which defines a resummed two-body dynamics. Since H EOB and H e are conservative, we have on-shell :
Hence the real (two-body problem) equations of motion have been drastically simplified, since they now read 32) and are identical to the effective equations of motion, to within the constant multiplicative factor (IV.31), i.e. a simple time rescaling t → t 1 + 2ν(E − 1). Consequently, the effective orbital frequency (deduced from Hamilton's equations, or equivalently from (IV.25)) being given by
the real frequency, deduced from H EOB , is
where E(u) and j(u) are given for circular orbits in (IV.28). (ii) adding 2PK, O(u 3 ) corrections. As discussed above, in Scalar-Tensor theories the 2PK coefficients are expected to be of the same order ; we hence incorporate them and, for simplicity, limit ourselves to the specific example :
in the equal-mass case (ν = 1/4).
In both cases, the ISCO location and frequency are seen to increase dramatically as soon as 1PK approaches ∼ 10 −1 . What is happening here is similar to what was discussed at 3PN order in General Relativity in [12] : when 1PK becomes too large and positive, the function A(u) is no longer a good representation of the Scalar-Tensor deformations, since in particular, A(u) has no zero anymore (in particular, it does not exhibit a horizon). This phenomenon is another reason to recall that this effective geodesic should be taken seriously only when Scalar-Tensor corrections are to be considered as perturbative (here, 1PK << 1).
(iii) For that reason, we follow the suggestion of [12] and further resum A(u) through an overall Padé approximant, by continuity with the General Relativity (
ensuring also that A(u) has a simple zero. As one can see from Figure 1 , the divergences are then efficiently cured.
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The ISCO frequency is roughly linear in 1PK . The slope, or "sensitivity" of the ISCO frequency to Scalar-Tensor corrections is
Finally, the relative correction reaches a few percents when 1PK ∼ 10 −2 , see x column in the Table below. It seems thus unlikely that measurements of this specific effect leads to improvements to the current (binary pulsar) constraints on Scalar-Tensor theories, (IV.17). The study of circular geodesics in the metric (IV.18) has allowed us to describe the impact of the 2PK ST deviations to General Relativity (IV.34) on the ISCO frequency. In fact, as discussed in section IV B, any theory whose two-body Lagrangian verifies the constraints (IV.8-10) may also be mapped towards an effective geodesic. This suggests, by extension of the ST results, that (IV.34) takes the generic parametrized form : 
V. CONCLUDING REMARKS
It is a remarkable fact that the EOB approach can be extended beyond the framework of General Relativity : the two-body (2PK) problem has indeed been mapped here towards the geodesic of an effective metric in SchwarschildDroste coordinates. This paper is (to our knowledge) the first EOB description of a modified gravity, in the simplest example of massless Scalar-Tensor theories.
This mapping has led to a much simpler and compact (still, canonically equivalent) description of the two-body conservative dynamics in the 2PK regime, parlty hiding some of the irrelevant information of its Hamiltonian in an appropriate canonical transformation. The effective problem also defines a resummation of the two-body dynamics that may capture some of its strong field features, in particular concerning the ISCO frequencies. In a second paper (in preparation), we shall build another EOB Hamiltonian that maps the two-body problem to a ν-deformed version of the Scalar-Tensor one-body problem.
The General Relativity EOB approach has been extended in [48] to the case of binary neutron stars. There, tidal effects were phenomenologically included by adding corrections to the −g e 00 = A(u) part of the effective (Droste) metric, starting at 5PN order, i.e. O(u 6 ) (TEOB). In contrast, our work should be regarded as a different extension, towards parametrized Scalar-Tensor theories (PEOB), and modifies the effective metric at 1PK order already, i.e. O(u 2 ) in A(u). When applied to neutron stars, the Scalar-Tensor corrections must be compared to tidal effects. Our model shows that the PEOB O(u 2 ) corrections are generically numerically much smaller than the TEOB O(u 6 ) correction close to the merger, assuming the constraint (α 0 A/B ) 2 < 4 × 10 −6 discussed in section IV C. However, systems that are subject to dynamical scalarization [49] may develop nonperturbative scalar charges in the strong field regime, and hence escape this constraint. In that case, the ISCO frequency can be significantly modified as soon
When it comes to the question of binary black holes, it is well known that static black holes in the Scalar-Tensor theory we are considering here cannot carry scalar hair and reduce to the Schwarzschild solution. However, this may no longer be true in the strong field, dynamical regime (i.e. near merger) which is precisely explored by the EOB approach. Moreover, scalar hair can be induced by means of a potential V (ϕ) or massless gauge fields. We leave the investigation of such effects to further work.
It should also be noted that while Solar System and binary pulsar observations have put stringent constraints on Scalar-Tensor theories, gravitational wave detectors are designed to detect highly redshifted sources, that is at cosmo-logical epochs when Scalar-Tensor effects may have been more manifest (see e.g. [50] or [51] ). Therefore gravitational wave astronomy should be regarded as an opportunity to constrain also the cosmological history of Scalar-Tensor theories.
Finally, we restricted ourselves in this paper to the conservative part of the dynamics of the Scalar-Tensor two-body problem. The corresponding EOB radiation reaction force and gravitational waveforms still remain to be investigated and will be the topic of further work.
Appendix A: Einstein vs Jordan frame -Conversion of the two-body parameters [23] DEF [22] , [32] This paper
Scalar-Tensor parameters
Self-gravity ("sensitivity") parameters In this appendix we convert the parameters appearing in the two-body (harmonic) Lagrangian of [23] using the conventions introduced in [22] . The Scalar-Tensor action reads, in the Einstein-frame (see section I) :
while in the conventions of [23] , the action is written in the Jordan-frame as :
Hence, for a given function A(ϕ) charaterizing the ST theory in the Einstein-frame, the Jordan metric and function ω(φ) characterizing it in the Jordan-frame are given by :
where ϕ(φ) is obtained by inverting A(ϕ) = 1/ √ φ. The parameters defined in table 1 of [23] are translated using (II.7), (A.3) and are gathered in table I. In particular, we note that ϕ(φ 0 ) = ϕ 0 are the background cosmological values of the scalar fields.
The notations of this paper are given in the third column. Some of them are a slight simplification of the DamourEsposito Farèse parameters. Our table of correpondence agrees with [27] , except for λ 1 , λ 2 , s A , s A . However this has no consequence on the two-body Lagrangian parameters, that we found to be in full agreement.
Appendix B: The contact transformations defining the class of reduced Lagrangians
In section III B, we performed a 2PK position redefinition (through a contact transformation) depending on the 14 parameters f i of the function f introduced in (III.12). Its full expression is : , which depend on the 14 parameters f i , are given in Appendix C.
